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Introduction

What is the longest sequence of distinct integers, at most n, such that for
any adjacent numbers in the sequence one divides the other? The length of
this sequence, denoted f (n), has been well studied by Erdős, Freud, Hegyvari,
Tenenbaum, and Saias and may be equivalently stated as finding the length
of a longest path in the divisor graph D(n).
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The graph D(n) has vertices {1, 2, . . . , n} with an edge between s, t ≤ n
if s | t or t | s. The graph D(15) is pictured with longest path in gold.

Eric Saias first obtained the best qualitative bounds on f (n), showing there
exist constants c2 > c1 > 0 such that for n sufficiently large

c1
n

log n
≤ f (n) ≤ c2

n

log n
.

We show an analogous result for monic polynomials over a finite field. Let Fq

be the finite field of order q, and let fq(n) denote the length of the longest
sequence of distinct monic polynomials in Fq[x] with degree at most n such
that for any adjacent polynomials one divides the other. Then we have the
following result.

Theorem

There exists a constant kq such that for n sufficiently large

fq(n) ≤ kq
qn

n
.

Function Fields

The function field Fq[x] is similar to Z in many ways, and has been the source
of inspiration for many number theoretic questions. While there is not a strict
correspondence, many analogies exist between the two.

Integers Polynomials

n ∈ N monic F ∈ Fq[x]

log n degF

|n| ||F || = qdegF

Primes, p Irreducibles, P

Numerous results are easier to show for function fields, leading to greater
understanding of the integer case. For example, the abc-conjecture, and the
Riemann Hypothesis have been proven for function fields.

Polynomial Divisor and LCM Graphs

LetMq(n) := {F ∈ F[x] : F monic, degF ≤ n}, and let [F,G] denote the least common multiple (LCM)
of the polynomials F,G. Then we define the polynomial divisor and LCM graphs over Mq(n) as follows:

Definition

Polynomial Divisor Graph Dq(n): The graph with vertices Mq(n) with an edge between F,G if
F | G or G | F .

Polynomial LCM Graph Lq(n): The graph with vertices Mq(n), with an edge between F,G if
deg[F,G] ≤ n.

We may equivalently define fq(n) as the length of the longest path in Dq(n). Note thatDq(n) is a subgraph
of Lq(n) since if G | F then deg[F,G] = degF ≤ n. As a consequence, to bound fq(n), it suffices to
bound the size of the longest path in Lq(n).

Polynomial Graphs
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Left: Divisor graph for M2(3) with longest path colored gold. Right: LCM graph for M2(3) with
edges exclusive to LCM graph in dashed red.

Divisor Gaps and The Schinzel-Szkeres Function

The number of integers with a bounded divisor gap constrains f (n) in the integer case [1, 2], and the
same is true for the polynomial case. We exploit the work of Weingartner [3], counting the number of
polynomials with a bounded divisor gap, to obtain our bound on fq(n).

Definition

(a) The divisor sequence of F ∈ Mq(n) is the increasing sequence {degDi}τ (F )
i=1 where Di | F . The

divisor gap of F is the largest difference in adjacent terms, gapF := max1≤i<τ (F )(degDi+1−degDi).

(b) Let δ−(F ) be the smallest degree of an irreducible factor of F ∈ Mq(n). We define the (polynomial)
Schinzel-Szekeres function by Φ(F ) := max {degD + δ−(D) : D | F}.

Example: The polynomial x4 has divisors 1, x, x2, x3, x4, and therefore divisor sequence 0, 1, 2, 3, 4, and
thus gap x4 = 1. We have Φ(x4) = deg x4 + δ−(x4) = 4 + 1 = 5. We note that gap x4 = Φ(x4)− deg x4.

Weingartner [3] establishes that gapF = Φ(F )− degF in general, and bounds the size of the set

A(n) := {F ∈ Mq(n) : Φ(F ) ≤ n}
above by cq

n

n for some constant c.

Upper-Bound Sketch

Let P be a longest path in Lq(n). We define the set

B(n) := {F ∈ Mq(n) : F /∈ A(n) but any proper divisor D ∈ A(n)} .
We will use the sets A(n),B(n) to partition our path.

⋄ From Weingartner [3]: |P ∩ A(n)| ≤ |A(n)| ≤ c
qn

n
.

⋄Next, we break P\A(n) into subpaths, S, and show that for each S there is
B ∈ B(n) that divides all F ∈ S. Letting S(B) denote the set of subpaths
with a fixed B value, we may write

|P \ A(n)| =
∑

B∈B(n)

∑
S∈S(B)

|S| .

⋄A collection of subpaths with the same B is in bijection with a collection
of paths in the smaller LCM graph Lq(n− degB). Thus, we can bound∑

S∈S(B) |S| in two ways: either by the number of multiples of B, or by the
number of vertices of Lq(n− degB) that we can cover with |B(n)| paths.

⋄ It suffices to break our sum into parts when either B has large degree or
there are many subpaths S with that fixed B, and the complementary case
where both of these quantities are small. In either scenario, the sum above
is bounded by c qn

n yielding our theorem.

Future Work

It is likely possible to obtain an explicit value for the constant k by conducting
a tighter analysis of many of the quantities used in the proof. Future work
would progress towards this goal.
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[1] Eric Saias. Applications des entiers à diviseurs denses. Acta Arithmetica, 83(3):225–240, 1998.
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